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Abstract

This paper is a self-contained introduction to nonstandard analysis from set-theoretical
foundations. The aim is to build from basic mathematical knowledge the machinery required
to understand the powerful tool nonstandard analysis is and to make use of it in examples of
modern research.
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1 Introduction

It could be argued that the origins of nonstandard analysis date back to Leibniz and his conception
of calculus through infinitesimals. Contrary to the usual epsilon-delta approach, Leibniz introduced
infinitely small and infinitely large quantities he called infinitesimals; similar to how in the natural
sciences and engineering % is often intuitively seen as a small change in . This approach, forgotten
for centuries in the development of analysis, was reclaimed by Abraham Robinson in the 1960’s.
Robinson developed a rigorous nonstandard analysis in a model-theoretic formulation, studying
saturated extensions of models. Since then, nonstandard analysis has proven to be a versatile tool
that has been used to tackle questions in a variety of areas: stochastic processes, calculus, Ramsey

theory...

There are many ways to first approach nonstandard analysis, many of them requiring sound knowl-
edge of model theory: nonstandard extensions are presented as ultrapowers of given models, which
satisfy Lo$’s theorem. In this paper I have decided to follow a different route similar to Henson’s
(Henson C.W. (1997) Foundations of Nonstandard Analysis), presenting a general set-theoretic
definition for nonstandard extensions. This formulation might seem slightly arbitrary at first, as
at its core is a enumeration of the sufficient conditions for the extension to satisfy the transfer
theorem, but it presents a number of advantages. First, it gives a more flexible definition of non-
standard extension, of which ultrapowers will be a concrete example. Secondly, this definition gives
a clearer sense of the motivation of nonstandard extensions themselves and it will useful in giving
a solid foundation for nonstandard extensions of structures more complicated than sets, such as
collections of sets.

The first sections of the paper will consist of an overview of the elemental knowledge required to
employ nonstandard methods. I will begin by presenting the aforementioned definition of non-
standard extensions, the immediate goal after this will be to explicitly construct one. In order
to achieve this, basic properties of filters and ultrafilters will be studied and then used to build
the ultrapower nonstandard extension. After this, the transfer theorem will be introduced, again,
following Henson’s approach. To end this first part, the nonstandard real numbers *R will be con-
structed as an example of the concepts developed so far. These would constitute the basic toolkit
for the rest of the paper.

The following sections will mostly mimic the structure of the first part by first revisiting ultrafilters
and then, nonstandard extensions on a deeper level with certain applications in mind. Most of
the work done in this part is a based on the research done by Di Nasso et. al (Di Nasso et al.
(2017) Nonstandard Methods in Ramsey Theory and Combinatorial Number Theory). The main
contributions of this paper is to reformulate some of the less clear concepts in a more foundational
approach, filling the gaps and correcting typos and errors in the aforementioned piece of research.
I will first tackle Konig’s lemma, a result in graph theory, by employing results about *R from
the first part. In the ultrafilters sections, my main goal will be to prove Hindman’s theorem via
the properties of the semitopological semigroup of ultrafilters on a set. In contrast to Di Nasso et.
al, I will avoid u-idempotency and follow Hindman’s own proof. I will briefly discuss nonstandard
extensions of I-sets in a general context as done by Henson and then turn to the (X, P(X)) setting,
that is, nonstandard extensions of families of sets. The notions of internal and external objects will
be introduced, as well as the internal definition principle, that will allow us to translate properties
of subsets of X to subsets of *X. Finally I will exploit this principle with hyperfinite sets, which
will preserve in *X predicates about finite subsets of X, to prove some results about orderings of
sets and graph-coloring.



2 Nonstandard Extensions

Nonstandard extensions are the key concept of nonstandard analysis. They are a expanded version
of a given universe and in the right conditions, they will contain special elements that our original
set did not have. Think of the real numbers R, when asked to give a real number greater than zero
but smaller than any other positive real number we are faced with an impossible task. Now, in its
nonstandard extension we will be able to find such infinitely small element. These elements will
allow us to make use of "infinite" quantities in our proofs.

Definition 1. (Nonstandard Extension of a Set) Let X be a non-empty set, a nonstandard
extension of X is a tuple (*X,*) such that * is a collection of maps P(X™) — P(*X™) for
all m € N that sends every subset A of X" to a non-empty subset *A C *X™ and satisfies the
following conditions Vm,n € N:

e (E1) * preserves Boolean operations on subsets of X™: if A, B C X™ then

“AC*X™ *(AUB) =*AU"B,"(ANB) = *AN*B,"(A\B) = *A\"B

e (E2) * preserves basic diagonals: let m > 2
A= {(z1,22,....xm) : Vi€ {1,..,m}x; € X and x; = x), for some j # k € {1,...,m}
then

A= {(z1, 22, ..., ) : Vi € {1, ..., m}x; € Ya; = for the same j # k € {1,...,m}}.

e (E3) * preserves Cartesian products: if A C X™ and B C X", then

*(Ax B)="Ax*B.

e (E4) * preserves projections onto the first m coordinates: for the projection on the m first

coordinates
T s XML 5 X™

(T1y ooy Ty Tnt1) > (T2, ey Tin).

If AC X"t with w(A) := {m(x) : z € A}, then

“(m(A) =7(*A) = {mm(z) 1z € A},

[1]
Example 1. It is easy to see that for any non-empty set X, X itself will be a non-standard

extension, the trivial one. This is not a very interesting example, but it does suffice to show that
nonstandard extension, do, indeed, exist. We will come back to this at the end of the section.

Proposition 1. *0 =0 and for all m € N we have *(X™) = (*X)™.
Proof. Let X be a non-empty set *( = *(X\X), by (E1) *(X\X) = *X\*X =0, so we get the

result. We will prove the second part of the proposition by induction. Let ¢(m) be the formula
(XM = (X)™.

Basic case: *(X) =*(X\0) = *X\*0 = *X\0 = *X by (E1) and the first part of the proposition.



Now let d > 1 and, we assume ¢(d) is true. ¢(d + 1) : *(X9!) = (*X)d+L *( X+l =
*(X%) x *(X), o(d) and the basic case are true, so this equals (*X)? x *X and applying (E3)
we get the result. Therefore ¢(d 4 1) is true and so ¢(m) is true for all m € N by induction. O

From now on we will be able to refer to Cartesian products of * images and * images of Cartesian
products interchangeably as * X™.

Proposition 2. If A C X™ is non-empty, then *A C *(X™) is also non-empty.

Proof. We will prove this by induction, wlog. X # 0. Let ¢(m): if A C X™ is non-empty, then

*A C *(X™) is also non-empty. We will use the projection map as defined in definition 1 in the
following steps.

Basic case: let A C X non-empty, let us consider the product X x A, *(7(X x A) = *X, which is
non-empty. On the other hand, by applying (£4) and (E3) we find *(7m(X x A) = 7(*(X x A)) =
7(*X x *A), now if *A is empty then 7(*X x *A) = *X is also empty, which is a contradiction,
therefore, * A is non-empty.

Let d > 1, assume as our induction hypothesis that ¢(d) is true. Let A C X! be non-empty,
then 74(*A) = *m4(A). We know that m4(A) C X? and it is non-empty, therefore by our induction
hypothesis *m4(A) is non-empty, hence *A is non-empty. We conclude by induction that ¢(m) is
true for all m € N. O

Proposition 3. For all A,Be X™, ACB&*AC*B.

Proof. Suppose A C B, then A= AN B so by (E1) *A="*(ANB) =*AN*B, therefore *A C *B.

Now let *A C *B, suppose that AN B = C # B, then *AN*B =*(ANB) =*C # *B, a contra-
diction.

O

Corollary 1. *A=*"B & A=DB.
Definition 2. Let f: X™ — X™ be a map, the graph of f is

F={Z€X™™ 21, Tm € X™ Tyt T = [(T1, 000y Tm) }

Proposition 4. Let AC X™, B™ and f : A — B a map with graph I, then *I" is the graph of a
function from *A to *B.

Proof. We can characterise I' by I' € A x B, m,,(T) = A and T2 N {(z,y,u,v) € X2+ . g =
u} € {(z,y,u,v) € X201y = o},
It is easy to see that *I' C *(A x B) = *A x *B by (El) and (E3).

Tm(*T) C *A by iteration of the projection map and the final condition is again satisfied by
proposition 3, (E1) and (E3).

O

Note 1. Let f: X™ — X" with graph I', we denote the function whose graph is *I", * f.



Remark 1. It can be shown that a function f is injective/surjective/bijective if and only if * f is
injective/surjective/bijective.

Remark 2. There is an embedding of X in *X by the map
U:X X
x = "{x}.

This map is injective due to corollary 1 and *{x} will be non-empty by proposition 2, so we can
identify its unique element with x € X, ie. denote y € *{x} by x. Therefore we find an embedding
of X into *X of the form {y € *X : y € *{a} for some x € X} and abusing notation we will simply
call it X C *X. When notation might suppose an issue it will be stated whether it is the original
set X or its embedding that is being talked about, although it will not generally suppose an issue.

Definition 3. (Standard and nonstandard elements) Let y € *X™, we say it is standard if there
exists € X™ such that *z = y. Otherwise, we say it is nonstandard.

Going back to our first example, it is natural to ask oneself whether any non-trivial nonstandard
extensions exist. If a nonstandard extension of a set X is non-trivial, as we know X is embedded
in *X, the only option is that it contains some extra elements that are not originally in X. This
leads to the following definition.

Definition 4. (Proper nonstandard extension) Let X be a non-empty set and let *X be a nonstan-
dard extension, we say * X is proper if for every infinite subset A of X, * A contains a nonstandard
element.

Our goal now will be to find a way to construct proper nonstandard extensions for a set X, as they
are the ones that have special characteristic our original set does not have.



3 Filters and Ultrafilters

In order to construct a proper nonstandard extension it is vital that we first study filters. We will
be interested in a particular type of filter, ultrafilters. Heuristically, ultrafilters can be thought
of as gates that only contain "big subsets". Filters and ultrafilters are also of interest for their
own sake, and later on in the paper we will develop the theory of filters further and prove some
interesting results.

Definition 5. (Filter) let X be a non-empty set, a filter on X is a map p: P(X) — {0,1} that
satisfies the following conditions: Let A, B € P(X)

e (F1) If u(A) =1 and A C B, then u(B) = 1.

o (F1) If u(A) = u(B) =1, then u(AN B) = 1.

o (F2) pu(0) =0.

Note 2. In literature and throughout this paper we will use interchangeably the concept of a filter
over a set X to be defined as above or the set & = {A C X : u(A) = 1}. Either version will be
used depending on the context.

Definition 6. (Principal filter) let A € P(X) be a non-empty set and let p4 : P(X) — {0,1} be a
map such that for any B € P(X), ua(B) =1 < A C B, we call this function the principal filter
generated by A.

Remark 3. It can be easily shown that the function in definition 6 is, indeed, a filter.
So now we can find a filter for any non-empty set X, particularly we can see that filters do exist.

Example 2. Let X =R, consider the closed interval [0,1] and let p: P(R) — {0,1} be such that
p(A) =1 < [0,1] € A. This is the principal filter generated by [0,1], as a set it is defined by
U={ACR:u(A) =1}

Proposition 5. If X is a non-empty set containing a finite subset A C X and p is a filter on X
such that p(A) =1, then p is principal.

Proof. Let u be a filter and A a finite subset with u(A) = 1, we will find a finite recursive algorithm
that will either show the result in one of the intermediate steps or will result in a contradiction in
the last step:

Evidently either i) = pa or i) p # pa. In case i) we are done, as u is the principal ideal of A. In
case ii) this means there exists ¥ C X such that a) u(Y) =1 and b)) ALY, call ANY = A; and
by a) and (F2), u(A;) = 1. Now we can consider cases i) and i) for 14, and repeat the process.
We iterate finitely many times until y is the principal filter for some A; or A; = ), a contradiction
as p(0) = 0.

O
Corollary 2. If X is a non-empty finite set, every filter is principal.

Proof. Let X be a non-empty finite set and let u be a filter, we can apply definition 2 setting
A = X and the result follows. O

Definition 7. (Fréchet filter) Let X be an infinite set, we define pp : P(X) — {0,1} such that
for all A € P(X) we have up(A) =1 < X\A is finite. We call this function the Fréchet filter.



Remark 4. It can be easily shown that the function in definition 7 is, indeed, a filter.

Proposition 6. Let X be an infinite set and let pgp be a Fréchet filter on X, then pup is not
principal.

Proof. Let X be an infinite set and let pupr be a Fréchet filter. Suppose for a contradiction that
pr = pa for some A € P(X). If A is finite, X\ A is infinite, a contradiction, so A has to be
infinite. We know that ps(A) = 1 = pup(A) = X\A is finite, as A is infinite A\{a} for some
a € A is well defined and X\ (A\{a}) is also finite. This is a contradiction, as pr(A\{a}) =1 but

A\{a} ZA = pa(A\{a}) = 0. H

So we have finally found a non-principal filter, namely, the Fréchet filter.

Let us go back now to the picture of filters in general. It is our goal to somehow use filters to
construct an equivalence relation on sets so that then we can quotient our set by such relation.
In order to do this we would require that for any subset, it is either contained in the filter or its
complement is. It is known that for any filter by (F2) that if u(A4) =1 = p(X\A) = 0. In other
words, once we know that a set in in a filter we can deduce that its compliment is not in the filter.
The converse is not always true, so knowing that a set is not in a filter is not enough to deduce
that its complement is.

Example 3. We give an example of such case. Let gy 2y be the filter generated by {1,2} on N.
Consider the sets {1} and N\{1}, it is clear that neither of them is in the filter, as they do not
contain the set {1,2}.

The fact that not every filter satisfies this property leads to the following definition.

Definition 8. (Ultrafilter) Let X be a non-empty set and let p be a filter, if p(A) + u(X\A) =1
for all A € P(X) we call it an ultrafilter.

We know by (F1) that for any filter, if a set in an element of the filter so is its union with any other
set. Another particularly important property of ultrafilters is that the converse of this property
is true. So if the union of two sets is in the ultrafilters, at least one of those sets will be in the
ultrafilter too.

Proposition 7. Let X be a set, let p be an ultrafilter on X and let X = AUB for some A, B C X,
then w(A) =1 or uw(B) =1 (not mutually exclusive).

Proof. Suppose that pu(A) =0, then u(X\A) =1, X\ A C B, therefore u(B) = 1. O

Proposition 8. Let X be a non-empty set and let p be a principal filter on X, then u is an
ultrafilter if and only if it is generated by a singleton.

Proof. Let X be a non-empty set, A be a non-empty, non-singleton subset of X and p4 the principal
filter generated by A. We can find two distinct a1, as € A, then pa({a1}) = pa({az}) =0, so it is
not an ultrafilter.

On the other hand, if we consider p,} for z, for all A € X we have that if g, (X\A) =0 =
{a} 2X\A = aeX\A=ac A= {a} C A= pg(A) = 1. The other direction comes from the
definition of filter. O



We now know how to find principal ultrafilters, but the question of whether there are any non-
principals ultrafilter arises again. Ultrafilters seem to be "bigger" than general filters, as they
always contain a set or its complement, therefore it is promising to examine whether given a filter
we can extend it to an ultrafilter by adding more elements to it.

Definition 9. (Extension of a filter) Let w1, s be filters on X, we say that ps is an extension of
pq if for all A C X we have pi(A) =1 = ua(A) = 1.We write 1 < po.

In order to prove a major result about filter extensions, we will make use of a well-known result in
set theory.

Lemma 1. (Zorn’s Lemma) Let (P, <) be a partially ordered set where every chain has a least
upper bound, then there exists at least one mazimal element in P.

Theorem 1. Let X be a non-empty set and let u be a filter, then there exists an ultrafilter ' that
extends p: p < .

Proof. Let X be nonempty and let p be a filter on X. Consider the set P = {extensions of p}, it
is easy to show that the extension relation < is a partial order on this set. Consider a chain C in
P, then the map pc defined by: for all A C X if (A) = 1 for some A € C then puc(A4) =1 is its
upper bound. We can now apply Zorn’s lemma and find a maximal extension p’ in P, which can
be shown to be an ultrafilter. O

Remark 5. We do not need the use of Zorn’s lemma in order to extend principal filters to ultra-
filters. Let pa be the principal filter generated by A C X, A is non-empty, so by proposition 8
there exists a € A such that p,y is an ultrafilter and it is easy to see that pa < fi{qy-

Thus, we can extend any filter to an ultrafilter; concretely we can extend a non-principal filter to
a non-principal ultrafilter.



4 Construction of Nonstandard Extensions via Ultrapowers

In the last section, we explored some basic properties of filters and we showed that for any non-
empty set we can always find an ultrafilter via extension. So now we are ready to develop a method
to construct nonstandard extensions. Once we know how to do this, we will be in a position to
identify the criteria to find a proper nonstandard extension, which was our goal.

Definition 10. Let X,Y be a non-empty sets, the we define X to be the set of functions from
Y to X.

Example 4. Let X be a non-empty set and let Y = N, then X~ will be the set of functions from N
to X. That is, the set of sequences in X indexed by N, we will denote these sequences by & € XN.

Definition 11. Let X be a non-empty set, let X' N'be the set of all sequences in X indexed by N
and let ;1 be an ultrafilter on N. Let @ = (a;)ien, b = (b;)ien € X", we define ~,, by

@Nui)@u({iENiai:bi}):l.
Proposition 9. ~, is an equivalence relation.
Proof. Let X be a non-empty set, let p be an ultrafilter on N, let ~, be defined as above for u
and let @, b,¢ € XV. Reflexivity and symmetry are immediate, we show transitivity:

Let @ ~,, b,b ~, ¢, then
,u({ZENaZ:bZ}):lAu({zENbZ:cl}):1:>,u({z€Nalzbl}ﬂ{zerlch})zl
by (F2). Therefore u({i € N:a; =b;=¢;})=1,now {i e N:a; =b; =¢;} C{i €N:a; =¢} so
by (F1) p({ieN:ag;=¢})=1=a~,¢c O
Now that we have shown ~, is an equivalence relation we can construct well-defined quotient

spaces with it.

Definition 12. (Ultrapower) Let X be a non-empty set, let X" be the set of all sequences in X
indexed by N and let 4 be an ultrafilter on N. We define the ultrapower of X to be X"/ ~
where ~, is as in definition 11.

Definition 13. (Ultrapower nonstandard extension) Let X be a non-empty set and p an ultrafilter
on N, we define the collection of functions

LP(X™) = PX™N ~p
Remark 6. With the above definition® (X™) = (X™)N/ ~,, the ultrapower of X.

Note 3. As *X is a quotient map, we will denote its elements by [Z], where [ ] refers to the
equivalence class of Z.

It still rests to show that this structure does, indeed, satisfy the definition of a nonstandard
extension.

Theorem 2. (X/ ~,,*) as defined above is a nonstandard extension of X.

Proof. Let *X be defined as above, we will check (E1)-(E4):

10



o (E1)Let BC AC X™
*B={b:pu({ieN:b € BC A}) =1}/ ~,
so by (F1) u({i:b; € A}) = 1. Therefore
{b:u({ieN:b; e BCA}) =1}/ ~,C{b:p({ieN:b € A}) =1}/ ~, .
Let A,BC X™
“(AuB)={a:p({ieN:a; € (AUB)) =1}/ ~, .
By proposition 7 we get that

u{i:a; € (AUB)) =1 u({i:a;€ A})}) =1or u({i:a; € B}) = 1.

Hence
“(AuB)={a:p({i:a; € A}) =1or u({i:a; € B}) =1}/ ~,=

={a:p({i:a, € A}) =1}/ ~,U{a: p{i:a; € B}) =1}/ ~,="AU"B.
Let A,BC X™

*(ANB) C*AN*B: let [a] € *(ANDB), then u({i:a; € ANB}) =1= pu({i:a; € A}) =
1and p({i:a; € B}) =1Dby (F1),s0 [a] € *AN*B.

*AN*BC*(ANDB): let [a] € *AN*B, then u({i:a; € A}) = p({i:a; € B}) =1= p{{i:
a; € AN B} =1 by (F2), therefore [a] € *(AN B).

Let A, B C X™
*(A\B) C *A\*B: let [a] € *(A\B), then
u{i:a; e AB=1}=p(i:a, € A)=1and p({i:a; € X"™\B}) =1
both by (F1), therefore [a] € *A\*B and so *(A\B) C *A\*B.
*A\*B C *(A\B): let [a] € *A\*B, then
p{i:a; € A}Y)=1and p({i:a;, € X™\B} =1
this implies that p({i : a; € A\B) =1 by (F2), therefore [a] € *(A\B) and *A\*B C *(A\B)
For practical purposes we will check (E3) before (E2).
o (E3) Let AC X™ B C X", then
“(Ax B) = {{g] € “(X™*") : u({i s 72 = (e}, 2?) € A x B}) =1} =
={[7] € (X" : u({i : x} € A and 27 € B}) =1}
since
{i:a}cAand2? € By C{i:x; € Ay and {i: 2} € Aand 27 € B} C {i: 27 € B}.

We conclude by (F1) and (F2) that u({i : 2} € Aand 2? € B}) =1 & u({i : 2} € A}) =
1 and p({z? € B}) = 1. Now,

Trpgep{ica=yl)=1ep{i:al =y anda} =y}) =1&

11



sul{izai =yi})=land p({i: 2} =yf}) =16 ' ~, §' and 2° ~, 7°.
Therefore
*(Ax B)={[z] e * (X" pu({i:z} € Aand 2? € B) =1} =
={([z"],[z°]) € *(X™)™*") s u({i s 2} € A}) =1L and p({i: 2} € B) =1} =
={[z"] e *(X")" s p({isaf € A}) =1} x {[z%) € *(XM)") s p({i: 2] € B) =1} ="Ax"B.

Remark: in the spirit of proposition 1 it can be shown that (X™)N/ ~,= (XN/ ~,)™.

o (E2) Let m >2, A= {z = (2',2% ...,2™) : Vi € {1,...,m}a’ € X and 27 = 2" for some j #
ke {l,..,m}} then

"A=A{lz]e (X" ~ep{i €N e A}) =1} =
={lz] € X"/~ n({i €Nz af =) =1},
Using the remark that (X™)N/ ~,= (X/ ~,)™ the former equals to
= {([z", . [2™) € (X ~)™ s p({i € {1, ym) s at oy 2ty =
= {(['], - [2™]) € (XV/ ~u)™ : [o] = [a*]}.
o (E4) Let A C X™*! then
T (A) = {m(2) s x € Ay = {[z] € "X™ : p({i : wi € {n(x) :x € A}) =1}

and by (E2) it equals {[z] € *X™ : p({i : v, € A) = 1} = 1,,({Z € *X™* 1z € AN}) =1} = m,,,(F A).
O

Proposition 10. IfY C X is finite, then *Y is finite. Moreover, Y =*Y, so it has no nonstandard
elements.

Proof. 1t suffices to show that for any j € {a € XN : u({i: a; € Y}) =1} we have § ~, (z,...,z,...)
for some = € Y. Say Y = {z1,...,z,} for some n € N, then {i : y; € Y} = Uj_ {i : v = 2},
therefore as p is an ultrafilter by proposition 7 we have that for some j € {1,..,n} y ~,
(Z‘j, ceey Ty )

Now, for 4, %> in distinct equivalence classes, they will each be related to distinct x;,z;, hence
Y =*Y. O

We are finally ready to enunciate the criteria that will allow us to discern whether a nonstandard
extension constructed through ultrapowers is proper or not.

12



Proposition 11. If X is an infinite set and p is a filter on N, then:
e If i is principal, * X = X"/ ~, 15 mot a proper nonstandard extension.

e If i is non-principal, * X = XN/ ~, 18 a proper nonstandard extension.

Proof. Let X be an infinite set, let *A be an infinite subset and p is an ultrafilter on N.

We start with the first case, so let pu be the principal filter generated by I C N, let * A be an infinite
subset. Let [a] € *A, then u({é : x; € A}) = 1 therefore I C {i : x; € A} as p is principal. Now
suppose for a contradiction that for all a € A we have that I&{i: z; = a}, hence

IC U{i:zi#a}:{i:xi/E/A}éu({i:xi)z/A})zl

a€cA

which is a contradiction. Therefore, for all [Z] € * A there exists a € A such that pu({i : ; = a}) =1,
so it has no nonstandard element.

Now, let g be a non-principal ultrafilter, then by proposition 5, if A C N is finite u(A4) = 0,

so only infinite subsets will have u(A) = 1. Let [b] be such that for all i € N b; € A and for all
i #j€Nb #0b;. Clearly {i : a = b;} is finite for all a € A (at most contains one element),
therefore it is nonstandard.

O

Proposition 12. Let A = {a1,...,a,} C X be finite and I be an infinite index set, then I;c1 A/ ~,
has finite size.

Proof. Tt suffices to show that for any T = (21, ..., %;, ...) € I;c1 A we have that (z1,...,z;,...) ~ (a)
for some (a) = (a, ...,a,...) € ;e A, as there are finite of the latter.

zellicfAsu{iel ;e A})=1<

s pu{iz €da,an}) =1 p{iz, =a b U{i:a; € {as,...,an}) = 1.

As p is an ultrafilter, either p({i : z; = a1}) =1 or p({i : z; € {aqz,...,an}) = 1. In the first case
we are done as T ~ (a1). In the second case we iterate the process, as {as,....,a,} is finite, the
iteration will end at some point, so we can conclude that T ~ (a;) for some i € {2,...,n}. O

Proposition 13. Let A = {ay,...,ap,...} C X be countably infinite, I be an infinite index set and
p be a non-principal ultrafilter, then the size of Il;er A/ ~,, is uncountable.

Proof. We will use an argument similar to Cantor’s, assume for a contradiction that there is a
bijection f : N — II;c;A/ ~, such that f(i) = [5;] = [(s:(1),...,si(n),...)] for a representative
(si(1),...,8i(n),...) € W;ecrA, i € N. We construct an element 5 € II;c;A that is not in the
equivalence class of any element of this list:

Let s(1) be distinct from s1(1).
Let s(2) be distinct from s2(2) and s1(2).

In general, for ¢ € I let s(i) be distinct from sy (7) for all k¥ < i. We can do this as A is countably
infinite.

Claim: s555; for all 7 € I.
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Fix i € I, we can observe that {j : s(j) = s;(j)} € {j : j < i}, which is finite, therefore
w({7 :s(j) = si(4)}) = 0, hence 55¢5;. So [5] is not in the list, a contradiction as f is a bijection. O

Proposition 14. Let I be an infinite index set, let {A;}1 be a collection of sets and let y be
non-principal. Then, ;e A;/ ~,, is uncountable if p({i : |A;| > i}) = 1.

Proof. Let u(J = {i : |A;] > i}) = 1 and suppose for a contradiction that there exists a bi-
jection f : N — IIicsA;\ ~, such that f(i) = [5;] = [(s:(1),...,8:(n),...)] for a representative
(si(1),...,8i(n),...) € ;er A, i € N. We construct an element 5 € IT;c; A that is not in the equiva-
lence class of any element of this list:

For i € I: if i € J, then |A;| > i so we can let s(7) be distinct from s;(4) for all k < i. If i.&'J, let
s(i) = s;(4).
Claim: §505; for all i € I.

Fix ¢ € I, we can observe that {j : s(j) = s;(j)} is at most {j : j < i} UI\J, but both of these sets
are finite, so their union will be finite and u({j : s(j) = s:(4)}) = 0, hence 555;. So [3] is not in
the list, a contradiction as f is a bijection. O
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5 Transfer Theorem

Before we exploring concrete examples of proper nonstandard extensions, it is vital that we present
the transfer theorem. This theorem will be the tool that will let us translate first order formulas
from our standard model to the nonstandard one. Its relevance will be established when looking
at applications.

One could approach the following is a first order logic flavour, considering a very rich language
that includes a constant for every element of the domain, a predicate for every subset, for every
function...This would not add too much to our discussion, so we will instead follow Henson’s
formulation. In the following we will be considering formulas not in a meta-mathematical fashion,
but rather as realised formulas within our domain X. This is similar to how the formula for
continuity of a function is regarded when doing mathematics in R.

Definition 14. (Formulas over X) Let X be a non-empty set, the set of logical formulas over
X, Fx, is the smallest set of logical formulas which satisfies the following conditions:

e i) For every AC X™ (T € A) € Fx.
e ii) For every function f: A — B, where AC X™ BCX"andz € A,y € B

(f(z) =9) € Fx.
o iii) If p(z1, ..., Tm, Y1, -, Yn) € Fx and aq,...,a;, € X", then the formulas

(X1, ey Ty Q1,4 -y ) € Fx.

o iv) If p, 0 € Fx, then —p ;o V) .o A ;0 = ;0 <1 Fxp Vap are all in Fy.
We call the elements of Fx formulas over X. [2]

Definition 15. (Truth of a sentence over X) Let ¢(x1, ..., z,,) be a sentence over X, ¢ is true if
the set defined by ¢ is non-empty, that is, B = {Z € X™ : ¢(Z) is true in X} # (). Otherwise it is
false.

Definition 16. (*-Transform of a Formula over X) Let X be a non-empty set and let *X be a
fixed nonstandard extension. Let ¢(x1,..,2,) € Fx, the *~transform is a function:

Fx = Fex
(X1, ey n) = T 0( X1, .y X5)
that satisfies the following inductive conditions on the complexity of formulas:
e (T1) Atomic formulas:
Let {a(1),...,a(m)} C{1,..,n}, A€ P(X™) and f a function, then:
“((Ta1)s - Tamm)) € A) = (Xa@)s - Xam)) € "4)
(f(@a) o Tamk) = (Takt1)s 5 Taim))) = CF(Xa@)s - Xak) = (Xa@s1)s - Xam)))-
o (T2) If p(x1,.., Tm, Y1, ..., Yn) is an atomic formula and (aq, ...,a,) € X, then:
(P(x1y ooy Ty @1y ey @) = FQ( X1y ooy X, A1, o, TAR).

For the inductive steps we will assume that of *p, *1 of ¢, € Fx are well defined, then:
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o (T3) “(mp) ="

o (T4) *(pVy)="p V™
o (T5) *(pAY) =" A"
e (T6) *(Fxp) =IX*p

(T7) *(Vop) = VX" [3]

So the *-transform takes a formula over X and extends the objects involved to their nonstandard
extension in *X. Now we will prove the transfer theorem, which will give us the connection between
nonstandard extensions and the *-transform. We will prove it expanding Henson’s proof.[4]

Theorem 3. (Transfer Theorem) Let X be a non-empty set and consider a fized nonstandard
extension of X, then:

e i) Let o(x1, ..., xm) € Fx and let *o(x1, ..., xym) € *Fx beits *-transform. Let B={T € X™ :
©(Z) is true in X} be the set defined by @(x1, ..., Tm), then the set defined by *o(X1, ..., Xar)
is *B={x € *X™ : *p(T) is true in *X}.

e ii) Let o € Fx be a sentence and let *¢p € *Fx be its *-transform, then ¢ is true in X if and
only if *p is true in *X. [4]
Proof. We will first show that i) implies 4):
Let i) be true and let ¢ € Fx be a sentence with *-transform *e.

Let ¢ be true in X, as sentences have no free variables, the set B defined by ¢ is either ) if ¢ is false
or XY (the whole set of 0-length variables) if it is true. By part i) * B is the set defined by *¢ and
it is either () or * X™ when it is false and true respectively. By corollary 1 B=A < *B =*A,
soB=0) < *B=0and B=X" +<— *B="*X0.

Now we will prove i) by induction on the complexity of formulas in X.
The first induction step will be the atomic formulas:

021,y Tn): (Ta(r)s s Tam)) € A € X™, where a is a map from {1,...,m} into {1,...,n}. This
lets us cover any combination of any length of the possibly distinct n variables of p(z1, ..., zy).
We will prove by induction on n that the *-transform of the solution set B = {(x1,...,x,) € X™:
({Ea(l), ...,xa(m))} cAC Xm} is*B = {(Xl, ,Xn) e*Xm: (on(l)7 ...,Xa(m))} €*AC *Xm}i

Consider C' = {(21, ..., Tn, Ta(1), - Taim)) € X" 1 (Za1), s Tam)) € A S XM} We can
observe that B = m,(C), as « is a function, the a(i) will equal some i € {1,...,n}, so C is the
intersection of m diagonal subsets of X™*t™: A, ..., A,,, and X" x A. Therefore if we apply * we
get

*B="1,(C)=m,(*C) = m, (*(A1 N AgN, ... NA,, N (X x A)) =

=T (FAL N * AN, o, NFAL, N (X X A)) = 7, (FAL N F AN, o, NFA, N (X x *A)) =
= Wn({(Xl, ---;Xana(l)v ...7Xa(m)) c * xntm . (Xa(l)a ""Xa(m)) c*A C *Xm}) =
= {(Xl, ,Xn) crX": (Xa(l), "'aXa(m))} c€*AC *Xm}

by (E4), (E1), (E3), (E2) in that order.

We also have to consider the case where we substitute variables x;) for constant elements a; of
X : B(a) = {(%a1) -+ Ta(m)) € B : Tau) = a; € X for some i € {1,...,m}.
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Suppose we substitute & < m variables, then up to reordering B(a) = BN({a1} x....x{ay} x X™7F),
so by (E1), (E3) and the previous result *B(*A) = {(Xq (1), s Xa(m)) € B : Xo@) = *4; € *X for
some i € {1,...,m}}, the desired result.

The other atomic formula we have to consider is f(za(1), .- Zak)) = (Ta(k+1)s - Ta(m)) Where f
is a function from A C X* to B C X™ F. The set defined by this proposition is its graph I', we
know from proposition 4 that *I" is well defined and by definition * f is the function whose graph
is *I'. In other words, the set defined by *f(Xa(1), s Xak)) = (Xa+1)s - Xa(@m)) is *T' which is
what we wanted.

In this case, we also want to handle the substitution by constant elements of A. Like in the previous
case, we define I'(a) = {(za(1)s -+ Za(k) Ta(k+1)s - Ta(m)) € L' Taq) = a; for some i € {1,...,k}}.
Suppose we substitute h < k variables, then up to reordering I'(a) = ' ({a1} x ... x {a;} x X™~h)
and we apply the same method as the previous case.

Now we will take the inductive steps:

1. Let ¢ € Fx of m variables that defines a set B. The set defined by —¢ is C = {z € X :
- is true in X} = X™\B, by (E1) *C = *(X™\B) =*X™\*B. Now, we know that the set
defined by *¢ is *B, therefore the set defined by —*¢ is also *X™\*B.

2. Let ¢, € Fx of m,n variables respectively, and let A, B be the sets defined by each of them
respectively. The set defined by ¢ V¢ is C = {x € X™T" : p V¢ istruein X} = {z € X™ :
pistruein X} U{z € X" : ¢istruein X} = AU B, by (E1) *C = *(AUB) =*AU*B. We
know that the set defined by *¢ is *A and the one defined by *¢ is * B, therefore the set defined
by *p V * is also *AU*B.

3. Let ¢, € Fx of m,n variables respectively, and let A, B be the sets defined by each of them
respectively. The set defined by ¢ A9 is C = {x € X™ : p Ay istruein X} = {z € X™ :
pistruein X} N{z € X" : ¢y istruein X} = AN B, by (E1) *C = *(ANB)=*ANn*B. We
know that the set defined by *¢ is *A and the one defined by *¢ is * B, therefore the set defined
by *@ A *1 is also *AN*B.

4. Let ¢ € Fx with variables (z1,..,%m, Y1, ..., Yn), defining a set B, then the solution set for
Jrp(z,y) istruein X is C = {y € X : p(z,y)} = n(B), by (E1) *C = *n(B) = n(*B) = {y €
X" *p(x,y) is true in *X. We know that the set defined by *¢(z,y) is *B, so the set defined by
Jz*p(z,y) is also w(*B).

5. Let ¢ € Fx with variables (21,..,Zm,y1,...,Un), defining a set B, then the solution set for
Vep(z,y)is C ={z e X" : {zx{y:y € Y™ C B}, therefore *C = {z € *X™ : {z} x{y : y €
*Y™} C *B}. The set defined by *¢ is *B, therefore the set defined by Vye(x,y) is also equal to
{ze*X™: {z} x{y:ye*Y} C*B}. O
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6 The Nonstandard Real Numbers

In this section we will construct a proper nonstandard extension of the real numbers via the
ultrapower method developed in section 4. For this task we will assume the existence of the real
numbers and all its properties (the fact that it is a totally ordered field etc.). At the end of the
section we will see some simple examples of the transfer principle applied to N.

Definition 17. (Nonstandard Real Numbers) Assume R and let x4 be a non-principal ultrafilter,
let ~,, as in definition 11 , the nonstandard real numbers are the pair (*,*R), where

FPR™) = P(R™)Y/ ~ )
*A={ac (R™N:p({ieN:aq; € A}) =1}/ ~, .
And so *R = RY/ ~,, the ultrapower of R.

Remark 7. We want this nonstandard extension to be proper (ie. it has nonstandard elements that
R does not have), this is why the ultrafilter p chosen in the previous construction is non-principal
(see proposition 11).

We can now proceed to define a nonstandard version of the usual operations and relations on R.

Definition 18. (Addition) Let [a], [b] € *R, we define

'R x *R — *R
[a]*+[b] = [(a1 + b1, az + bz, ..., a; + by, ...)].
Where for all i € N q; + b; is the usual addition in the reals.

Definition 19. (Multiplication) Let [a], [b] € *R, we define
'R xR —= 'R
[(_1]*[[_)] = [(al.bl, (ZQ.bQ, ceny ai.bi, )]
Where for all i € N a;.b; is the usual multiplication in the reals.

Proposition 15. The operations *+ and *. are well defined.

Proof. Let [a],[b],[¢c] € *R and [a] = [¢]. For *+ to be well defined [(a1 + b1,...,a; + b;,...)] =
[c1 4+ b1, ...y ¢ + b, ...)] and this is if and only if

(a1 +b1,...,a; + b;, ) ~u (61 + b1, ..., c; + by, ) =2 ,LL({Z ta; + b =c + bz}) =1

by the definition of + in the reals {i : a; + b; = ¢; + b;} = {i : a; = ¢;} and we know this set has
measure one, so it is well defined.

Let [EL], [b], [5] € *R and [a] = [E] for + to be well defined [(al.bl, ...,ai.bi, )] = [Cl.bl, ...,Ci.bi, )]
and this is if and only if

(al.bl, ...,ai.bi, ) ~u (Cl.bl, ~-~7Ci-bi7 ) =4 /.t({Z : ai.b,» = Czbl}) =1

by the definition of . in the reals {i : a;.b; = ¢;.b;} = {i : a; = ¢;} and we know this set has measure
one, so it is well defined. O
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Definition 20. Let [a], [b] € *R, we define the relation * < by

[a]* <[b] & u({i:a; <b})=1.
Where < has the usual definition in the reals.
Proposition 16. (*R,*+,*.,* <) is a totally ordered field, and extends < in R, that is, if a < b
mn R, then *a* < *b in *R.

Proof. Anti-symmetry and reflexivity are immediate.
Let [a]* < [b] and [b]* < [¢]

{iva; <byn{i:byt={i:a; <bi <ci} C{iza; <}
so by (F2) and (F1) p({i:a; < ¢} =1=[a]* <[¢. So it is transitive.

It follows from the ultrafilter property that either p({i: a; < b;}) =1or p({i: b; < a;}) =1=
p({i:b; <a;}) =1Dby (F1), so * < is a total ordering.

Let a,b € R and a < b, we have that
{i:a;=a}N{i:b;=0b}) C{i:a; <b;}
so by (F2) and (F1), u({i : a; < b;}) = 1 = [a]* <[b].
*+ is a binary operation: let [a], [b] € *R, as + is a binary operation on R, we have that for all
1 €N
ai+b; €ER = (ay +b1,..,a; +b;,...) €ERY = [(a1 + by, .oya; + b5, ..)] = [@+ b)) € *R

Associativity of *+: let [a],[b],[¢] € *R, by associativity of + in R

[((ay +b1) +c1, ey (a; + b)) + ¢4, -.0)] = [@+ b]*+[¢] = ([a]*+[b])*+][¢]
Commutativity of *+: let [a] € *R, then [a]* +[b] = [(a1 4 b1, .., a; +bs, ...)] which by commutativity
of + in R equals [(by + a1, ..., b; + a;, ...)] = [b]*+]a].

[
Additive identity: let [a] € *R, then can easily be checked that 0 = [(0,...,0,...)] is the additive
identity.

Additive inverses: let [a], [b] € *R such that for all i € N we have b; = —a;, then

[a]* + [b] = [(a1 + b1, -y @i + b, )] = (0,0, ...,0,...)] = [0] = [b +a]

by commutativity. For all a € *R we will denote such [b] as —[a].

Similarly for (*R,*.), with [1] as the multiplicative identity and the inverse of [(aj,...)] being
[(b;)ien] where b; = 1/a; if a; # 0, b; = a; otherwise.

Distributive property: Let [a], [b], [¢] € *R, then
[@l*.([b]* + [e]) = [a]*.([(by + 1, .., b + ¢iy..)]) = [(ar (b1 + 1), vy @i (b + i), ..)]
and by the distribute property of . over +, that equals

[(al.bl + A1.Clyeeny albz + a;.Cq, )] = [d]*[b]* + [d}*[é]
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Proposition 17. There exists a field homomorphism from (R, +,.) into (*R,*4,*.).

Proof. We already know from remark 2 that there exists a canonical embedding from a set into
a nonstandard extension, namely ¥ : R — *R sending r — *{r} = *r. We showed implicitly in
the previous proposition that both operations are homomorphisms when proving they are binary
operations. ]

In the following we will explore some straightforward applications of the transfer theorem, proving
that many properties of the standard real numbers are preserved under their nonstandard extension.

Proposition 18. Every element in *N has an immediate successor and every element in *N\{[0]}
has an immediate predecessor.

Proof. We know the statement that every element in N has an immediate successor
p:VeeNFyeNuz<yAVzeNe<z—y<z)
is true and a well formed formula over N, therefore applying the transfer theorem:
o Vo* €*NIy* € *N(z* <y AVz" €*Na* < z = y* < 2).

Is a true well formed formula over *N, as we can handle relations like * €,* < by their graphs,
which are subsets of *N"*. Therefore, every element in *N has an immediate successor. The second
statement can be proved almost identically. O

Proposition 19. *Q is dense in *R
Proof. We formulate the statement as a sentence over R and apply transfer

p:Vr,ye Re <yIz € Qz < z < y).

Proposition 20. *R is not complete (ie. every bounded set has a supremum,).

Proof. We know that R is bounded in *R by [(1,2,3,....,m,m + 1,...)], but R does not have a
supremum. O

Remark 8. One could have been tempted to apply transfer theorem to the previous proposition,
but density is not a first order property.

Proposition 21. (Nonstandard Archimedean Principle) ¥r € *Rg3n € *N([0] < [1/n] <)
Proof. We apply transfer theorem as usual to the Archimedean principle in the real numbers and

get the desired result.
O
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7 Application to Graph Theory and Konig’s Lemma

We will prove Konig’s lemma employing machinery from the previous sections.

Definition 21. (|Simple| graph) A graph G is a pair (V, E) where V is a set of vertices and a
subset E C V2 whose elements are called edges.

We can build a first order language Lo = {E} for graphs, where FE is a binary relation satisfying
that: Ve—(Fzz) and Ve, y(Fry < Fyx). A model G for such language will be a graph.

Definition 22. (Connected graph) We say a graph is connected when V' is non-empty and for ev-
ery pair of distinct vertices v, w there exists some n € N such that E(v1,ve), F(ve,v3), ..., E(Vn—1,Un)
and v; = v, v, = w. Formally:

Yo, w e VIn € NVi < ndv; € V(E(vi,vi41)) A (v1 =0 Avy, = w))

Definition 23. Let v,w € V be distinct, we define the distance function of a graph d : V2 = N
to be the minimum number of distinct vertices v, .., v,, = w that connect v and w.

It can be shown using compactness theorem that graph connectedness is not a first-order property.
So by limiting ourselves to the language of graphs, with graphs as our Lg-structures we cannot
work nicely with connectedness. One could be tempted to enrich L in order to avoid this issue, but
we have developed in the previous sections a very powerful method that might be helpful instead.
We built the nonstandard reals *R and showed that some of the usual operations and relations
are preserved, so now we can use this nonstandard extension to prove results about graphs. In
the following will see a countable graph G as a subset of N, identifying v; € V with ¢ € N, and
adapting the edge relation accordingly.

Definition 24. (Nonstandard graph) Let G = (V, E) be a graph, where V C N, E C N2, we define
its nonstandard graph to be *G = (*V,*E) such that:

*V is the nonstandard extension of V in *R.

*E is the binary relation on *V defined by *E(v,w) < pu({i : E(vi,w;)}) = 1, where u is the
non-principal ultrafilter used to build *R.

Definition 25. (Locally finite graphs) We say that a graph G is locally finite if every vertex
v € V has a finite neighborhood N, (G) := {w € V : E(v,w)} in G.

In order to work with nonstandard methods it is convenient to characterise local finiteness of graphs
by whether they contain standard elements only.

Lemma 2. G is locally finite if and only if *(N,(G)) CV for everyv € V.
Proof. = Let G be locally finite, then for every v € V, the set N,(G) is finite, therefore its
nonstandard extension is finite by proposition 10.

< Now let *(N,(G)) C V for every v € V, therefore *(N,(G)) has no nonstandard elements, so its
preimage must be finite, as g is non-principal. By the way V is embedded in *V, the preimage of
*N,(G) is just N,(G), therefore G is locally finite.

O

Definition 26. (Path) Let G be a graph, a path in G is a set of distinct vertices {v; : i € I C N}
such that E(v;,v;41) for all i € I.
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Proposition 22. Every infinite, connected, locally finite graph has an infinite path.
Proof. We will consider the proposition in the nonstandard extension first. Let G be an infinite,
connected, locally finite graph and let *G be its nonstandard model.

By connectedness of G
Yo, w € V3In € NVi < nJv; € V(E(vi,vi41)) A (11 = v A vy, = w)
holds and is a sentence over G, therefore by applying transfer theorem we get
Yo,w € *Van € *NVi < nJv; € *V(*E(vi,vi41)) A(v1 = v A v, = w)
is true. Take vertices v € V and w = o € *V\V (such o exists as V is infinite). There exists
A € *N such that Vi < AJv; € *V(*E(vi,vi11)) A (v1 = v Av, = 0).
Claim: A € *N\N.

Suppose not, then A € N, so A is finite. Now v; is standard, so its neighborhood is finite, therefore
has no nonstandard elements and because *FE(v1,v2), vo € V ie. it is standard. We repeat this
process A — 2 times and finally deduce that o € V', a contradiction, therefore A € *N\N.

We can now assert that N € X and so (v;);en C (v5)1<i<a. The * preimage of (v;);en is well defined
and forms an infinite path in G, as the relation E between standard vertices is preserved under *
and its inverse. O

Theorem 4. (Konig’s Lemma) An infinite finitely branched tree has an infinite path.
Proof. An infinite finitely branching tree is an infinite, connected, locally finite graph such that any

two vertices are uniquely connected, therefore we can apply proposition 22 and get the desired
result. O
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8 The Space of Ultrafilters 55 and Stone-Cech Compactifi-
cation

We now come back to ultrafilters. We will delve further into their properties and prove some
interesting results. We start by discussing the topological properties of the set of ultrafilters, which
will conveniently be well behaved.

Note 4. For the rest of the paper the notation of filters as sets will be mostly used, going back to
our functional notation when dealing with ultrapowers.

Definition 27. Let S be an infinite set, we denote the set of all ultrafilters on S by 3S.

In the following we will consider S as an infinite topological space with the discrete topology (ie.
every subset of S is open).

Definition 28. We define the topology 7 on 8S to be the collection of sets generated by the basic
open sets Uy :={U € BS: A €U} for each A C S.

Proposition 23. Us NUp = Uanp, Uas UUp = Uayp for any A, B C S and the basic open sets
of the topology T are closed.

Proof. For A,BC S, wehave UsNUp={UepBS:AcUIn{UecpS:BeU}={UecpS:Ac
Uand BelU} ={U € BS: AN B € U} by the property (F1) of filters, so {Us : A € S} is basis
for the topology.

Let A,BC S, then UpyUUp ={UepS:AcUtu{UecpS:BeUt={UecpS:Aclor
BeU)={UepBS:AUBEeU} as A,BC AUB.

Let Ac S, BS\Ua = pBS\{U € BS: AcU} ={U € BS:S\AcU} =Ug\ 4, which is also a basic
open set. N

Lemma 3. (Finite intersection property) Let S be a set and A a collection of subsets of S such
that every finite intersection of elements in A is non-empty, then there exists an ultrafilter U such
that A C U.

Proof. Let S be a set and A a collection of subsets of S such that every finite intersection of
elements of A is non-empty . Let A; be the set consisting of and all the finite intersections of
elements of A (note that this set trivially contains A), we can see that A, satisfies (F2),(F3), but
(F1) is not clear. Construct A, to be the set of supersets of elements in A;. It can be easily shown
that A is a filter on S and by theorem 1 we can extend it to an ultrafilter I/. O

Proposition 24. The topological space 58S is compact Hausdorff.

Proof. 1t is sufficient to show that every cover by the basic open sets U, has a finite subcover.
Let I C N be an infinite index set and let | J;.; U, be a cover of 3S. Suppose for a contradiction
that it has no finite subcover, then for any finite J C I we have that there exists an ultrafilter U/
such that {s: s € A;} &U for all i € J, so by the ultrafilter property {s: s € S\A;} € U for all
i € J, hence S\A; € U for all i € J and (,.; S\A; € U. We conclude that any finite intersection
is non-empty and by lemma 3 there exists an ultrafilter ¥V € S such that {S\A; :i € I} CV, so
V € Ug\ 4, for all i € I, a contradiction as Uy, cover S.
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Let U,V be distinct ultrafilters on S, then there exists at least one A C S such that A € U and
S\A € V. The open sets Us and Ug\ 4 contain U and V respectively and are disjoint, therefore 5.9
is Hausdorff. O

Lemma 4. Let Y be a compact Hausdorff topological space, S be an infinite set and (ys)s a
sequence in Y indeved by S. For any U € BS there exists a unique y € Y such that for any open
neighborhood U of y we have {s:y, e U} € U.

Proof. Let Y be a compact Hausdorff topological space, S be an infinite set and (y;)s a sequence
in Y indexed by S and U € B5S.

Uniqueness: suppose for a contradiction it is not unique. Then there exists y,y’ € Y distinct, such
that for any open neighborhood U of y we have {s: ys € U} € U and for any open neighborhood
U’ of y we have {s:ys € U'} € U. AsU is a filter the intersection {s : y; € UNU'} € U, therefore,
it is non-empty. But Y is Hausdorff and ¥, 3’ distinct, therefore at least a pair U, U’ must have an
empty intersection, a contradiction.

Existence: suppose again, for a contradiction that it does not exist. Then for any y € Y there
exists an open neighborhood U, such that {s : ys € U, }&U. Uer U, is a cover of Y, as Y is
compact there is a finite subcover Y = J,. ; Uy, for a finite index set J, then by proposition 7
we know that at least one of the U,, € U, a contradiction. O

Definition 29. (Ultralimit) We call such unique y the ultralimit of (y,)s with respect to U:
limg g4 ys or just limy y, if s is the only index.

Definition 30. (Stone—éech Compactification) Let X be a topological space, its Stone—Cech
compactification is a compact Hausdorfl space SX together with a continuous map i : X — X
that has the following universal property: any continuous map f: X — Y, where Y is a compact
Hausdorff space, extends uniquely to a continuous map Sf : X — Y.

Proposition 25. 35 is the Stone-Cech compactification of S
Proof. We already showed that 55 is a compact Hausdorff topological space, so it only remains to
show the existence of the inclusion ¢ and g f.

By remark 8 we know that the principal filter generated by {s},s € S, is an ultrafilter Us, and
distinct elements will be sent to distinct ultrafilters. Hence, we can embed S in 58S by i(s) = Us.

Let Y be a compact Hausdorff topological space and f : X — Y continuous. Our claim is that
Bf(U) = limy, f(s) is our desired extension.

By the definition of the ultralimit we know it is unique.

For s € S, Bf(Us) = limy, f(s) = f(s) as any open set around f(s) is in the principal ultrafilter,
therefore B f extends f.

It rests to show that Bf is continuous. Let U C Y be open and let U € Sf 1 (U) with y € U
as its ultralimit. Consider the set A = {s € S : f(s) € W for every open y € W C U}, A € U,
soU € Uy. For any A € Uy we have that Sf(V) =y € U, therefore 5f(Ua) C U, hence Sf is
continuous. O
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9 Application to Semigroups

In this section we will see an application of the theory of ultralimits and the space of ultrafilters
to semigroups.

nn

Definition 31. (Semigroup) A set S together with an associative binary operation is called a

semigroup.

Definition 32. (Right topological semigroup) let S be a semigroup with a topology 7, we say S
is a right topological semigroup if the function p: S — S, ¢t — ts is continuous for every s € S.

We will now extend the semigroup structure to the set 5.5 of ultrafilters on the semigroup S.

Definition 33. Let (S,.) be a semigroup, for U,V € 39, for A C S define ® : 8S? — 3S by
AcUOV e {scS:sTAcV} el

Where s71A = {t e S:ste A} [6]
Proposition 26. (3S,®) is a compact, right topological semigroup.
Proof. We first show that © is a binary operation, that is, &/ ® V is an ultrafilter. f Ae U OV

and A C B we have that s71A C s7!B, therefore {s € S:s'Ae€V} C{se S:s'Be€V}and
so{seS:s'BeV}lelUas{seS:s 1AV} el

I[fAABEUOV, then {s€ S:s 1AV} eld and {s € S:s !B €V} €U, therefore
{seS:5'AecVin{scS:s'BeV}lecU =

={secS:s'AeVands'BeVlcU={scS:s(ANB)eV}elU =
=ANBecUOV.
It is easy to see that the empty set is not an element, otherwise the empty set would be in the
ultrafilter ¢, which cannot be.

To check associativity it suffices to show that
AeUoV)OW S

s{scS:sTAcUOVIeWe {scS:sTAcUe (VOW)
{seS:stAcUe(VoWw) s {teS:t T H{seS:s'AcU}eVIieWs
s{teS:t s AUV eW s {seS: st Ac UV} eW s
SAcUo(Vow).
We have proved that 8S is compact and that ® is binary associative operation, therefore, it is a

compact semigroup. It rests to show that he map p : 5S — 55 such that Y — U © V for a fixed
VY € 88, is continuous.

Proving continuity on basic open sets suffices, so fix A € S, we have to show that p=1(U,) is open.
Let B={x € S:2 1A €V}, claim that p~1(Us) = Ug. We can show that p(Ug) = p({Ud : {x €
S:z7'A €V} eU}) and this is clearly Ug. O
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10 Idempotent Elements and Ellis-Nakamura Lemma

Definition 34. (Idempotent element) Let (S,.) be a semigroup, we say that s € S is idempotent
if s.s = s.

Lemma 5. Let X be a compact topological space and let A be a collection of subsets of X with the
finite intersection property, then (| c 4 A # 0.

Proof. Suppose for a contradiction that (), 4 A =0, then X\(N, 4 A4) = X = Uy X\A = X.
Therefore (J 4. 4 X\A is a cover, so by compactness it has a finite subcover (¢ 4, X\4 = X =
X\Naea, 4 = X, a contradiction since that would mean that (1, 4, A = 0, contradicting the
finite intersection property. O

Theorem 5. (Ellis-Nakamura lemma) Let (S,.) be a compact right semitopological semigroup,
then S has an idempotent element. (We assume it as a fact).[5]
Corollary 3. Let S be a semigroup, 8BS be the semigroup of ultrafilters on S and T C BS be a

non-empty closed subsemigroup of B.S, then T has an idempotent element.

Proof. By proposition 26 S is a right topological semigroup, hence T will be a compact right
topological semigroup. By theorem 5 we know that there is an idempotent element in 7. O

Definition 35. (Idempotent ultrafilters) We call idempotent elements in S idempotent ultra-
filters, in other words, a € 85 is idempotent if « ©® a = a.

Proposition 27. If S has an idempotent element o € S, then it generates a principal idempotent
ultrafilter U, .

Proof. Let a € S be idempotent and let U, be the principal ultrafilter generated by it. We want
to show that U, ® Uy, = Uy,: let A € U, ® U, this is if and only if {s: {s€ S: s A €Uy}} €U,

sac{s:stAcU,) sac{t:tac A} saa=acAs Acl,.
O

Lemma 6. If S has no idempotent elements, an idempotent ultrafilter on S cannot be principal.

Proof. Suppose for a contradiction that a € 55 is an idempotent principal ultrafilter, then there
must exist @ € S such that A € o < {a} C A by proposition 8. Clearly {a} € «, hence
{a} € a ® a as « is idempotent. Therefore, {s € S: s~ '{a} € a} € «, this means that {a} C {s €
S : {a}~'{a}}, which implies that

{aa ' ca e {a} C{t:tac {a}} & aa = a.
But this would mean there is an idempotent element a € S, so a cannot be idempotent. O

Corollary 4. Idempotent ultrafilters on sets with no idempotent elements do not have finite ele-
ments.

Proof. By lemma 6 we have that that the idempotent ultrafilter cannot be principal and by
corollary 2 there cannot be a finite set in the ultrafilter. O
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11 Hindman’s Theorem

In this section we use the theory of ultrafilters and idempotent elements to prove Hindman’s
theorem.

Definition 36. Let (¢, : n € N) be a sequence of distinct elements in A C N and let ' C N be
finite. We define cp := ) pcn.

Given (c,) we define F'S((cy,)) := {cp : F C N finite non-empty }.

We say that A C N is an F'S-set if there exists a sequence (¢, ) of distinct elements in A such that
FS((cn)) CA. 7]

For 6,y € S and A C N we will denote (A —n) ={m e N:m+n e A} and A, = {n € N:
(A —n) € v}. With this notation we get

0oy={ACN:{n:(A—n)er}eb}={A: A, b}

Proposition 28. For 0,v € 8S and A, B C N:
1. AynB,=(ANDB),.
2. A,UB, = (AUB),.
3. N\4, = (N\A4),.
Proof. 1.
A,NBy={neN:(A-n)e~y}n{neN:(B—-n)ecny}
={neN:(A-n)evyand (B—n)ev}={neN: {meN:mt+ne€ A} € y}and{m € N: m+n € B} € v}
={fneN:{meN:m+neAnB}ley}t={neN:(ANB)—nev}=(ANDB),.

A, UB,={neN:(A-n)e~r}U{neN:(B—-n)ecny}
={neN:(A-n)eqyor(B—n)eqy}={neN:{meN:mi+nec A} ey}tor{m e N: m+n € B} € v}
={neN:{meN:m+neAUB}er}={neN:(AUB)—ne~v}=(AUB),.

NMA, =N\{neN:(A—-n) ey}
={neN:(A-n)ev}={neN:N\(4A—-n) e~}
={neN:(N\A) —n e~} =(N\4),.
L
Proposition 29. Let (3(N\{0}),®) be the space of ultrafilters on N\{0} and let o € B(N\{0}) be
an idempotent ultrafilter, then every element of a is an F'S-set.

Note 5. In this proposition we do not include 0 in N, as we will use the fact that idempotent
ultrafilters over S do not have finite elements if S has no idempotent elements. See lemma 6.
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Proof. Let A € «, as a = a © o we have that {s € N\{0} : A, € a} € a, hence A, € a and so
AN A, € a (hence non-empty), let A, = A;.

Claim: A1 —n € a for any n € A;.

We know that (A—n) = {m € N\{0} : m+n € A} e aand A,—n = {m € N\{0} : m+n € A,} €
as n € A;. From these considerations we conclude that (A —n)N A, —n={m e N\{0}: m+n €
AN{m e N\{0} :m+nec A} ={m e N\{0} : m+ne€ AN A,} = A1 —n, which is in & and
(A—n)NAy —n € o, hence 4; —n € a.

We choose 21 € A; and let Ay = A3 N (A1 — x1), which by our previous claim is in «, so Ag is
not finite by corollary 4. In particular, there are infinitely many elements greater than x;, pick
T9 € Ay such that zo > 7.

Claim: x1 + xo € A;.
As xy € Ay — 21, we have that x5 + 21 +n € A = (21 + 23) + n € A, therefore 21 + x5 € A;.

So again by our first claim we conclude that 41 — (z1 + 22) € a. Let A3 = A;N (A1 —z1)N (A —
x9) N (A1 — (21 + z2)), clearly A3z € «, so it has infinite elements and we can pick x3 € Az such
that z3 > xo.

We iterate the above process and construct a sequence (z; : ¢ € N\{0}) such that z; < z3 < z3 < ....
Note that every x; € Ay C A and finally that F'S((x;)) = {d>_; -y : I finite subset of N\{0}} is
a subset of A by construction of the x;. Therefore A is an F'S set. [13]

Theorem 6. (Hindman’s theorem) For any finite partition of N\{0}, there is at least one partition
that is an F'S set.

Proof. (B(N\{0}),®) is a compact Hausdorff semitopological semigroup, so by Ellis theorem it
has an idempotent ultrafilter o on N\{0}. Let N\{0} be partitioned by Cy U Cy U ...C,,, then
ChiuCyU...C, € a, so either Cy € U or Co LIC3LU...C,, € a. In the first case we are done, as C is
an F'S-set by proposition 29. In the second case, we iterate the process and as there are finitely
many C; it will end at some point, concluding that C; € « for some ¢ € {2,...,n}. [13] O
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12 Internal and External Objects

We will examine how nonstandard extensions work when applied to higher order objects such as
power sets. We begin by giving some general definitions and results that are the higher order
equivalent of sections 1 and 5.

Definition 37. (I-set) An I-set X is an indexed family (X, : i € I) of sets. A sort of the I-set
X7 is one of the sets X;, where ¢ € I. We say that X is non-empty if X; is non-empty for every
iel. [8

Example 5. Let I = {1,2} and X be non-empty then (X,P(X)) is a non-empty 2-set and X is
a sort.

Definition 38. (Nonstandard extension of an I-set) It is the same as definition 1, but replacing
X by X7 and X™ by X, a finite sequence in Xy indexed by «. [§]

All of the propositions proved in section 1 and the definitions of nonstandard and standard elements
also hold for nonstandard extensions of I-sets with the appropriate replacements mentioned above.

Definition 39. (Set of formulas over X;) It is the same as definition 14 , with the difference
that variables can range over any element of X, in other words they can range over any sort X;.

19]

Definition 40. (*-transform on I-sets) It is the same as definition 16 having into account that
the variables range over the sorts and the objects involved can be any subset or Cartesian product
of subsets of the sorts. We basically substitute each object for its nonstandard extension in atomic
formulas and build up inductively. [9]

Theorem 7. (Transfer theorem for I-sets) It is the same as theorem 3, but variables ranging
over sorts and objects being subsets or Cartesian products of subsets of sorts. [9]

Proof. The proof is almost identical to the original proof of transfer theorem, so it is omitted. [

Example 6. Let I = {1,2} consider the 2-set (R, P(R)). The formulaVz € [1,2)3y € {{4,2},(3,4)}
is a formula over (R, P(R)) with *-transform Vz € *[1,2)3Jy € *{{4,2},(3,4)}.

We will turn our attention to the particular case we are interested in, unsurprisingly, (X, P(X)).

Definition 41. Let X be a non-empty set, let y be an ultrafilter on an infinite index set I, *X =
X1/ ~, its nonstandard extension. Then for any sequence T = (T,i € I) where T; € A C P(X)
there is a well defined set

T = (Wi Ty)/ ~p={le] € "X : p({i : 2 € Ti}) = 1},

Definition 42. (Nonstandard Extension of a collection of sets) Let X be a non-empty set, *X =
X1/ ~, its nonstandard extension and A C P(X) a collection of subsets of X, we define

*A:={T:T = (T},i € I) where T; € A}.
[10]
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Note 6. It is worth noticing that in our 2-set setting, we would require of a restriction of membership
E={(z,Y) € XxP(X):xz € A} whose *-transform would have to be preserved in order to satisfy
the transfer theorem and avoid fuzzy membership situations [11]. This restriction is encoded in
our definition by the condition u({i: x; € T;}) = 1, which is precisely the membership relation in
nonstandard extensions of subsets of X.

Proposition 30. Let X be a non-empty set, let A C P(X) let T = (Ti,i € I) where T; € A and
let "= (T} :i € 1) where u({i: T/ =T;}) =1, then T =T".

Proof. R
ZleT' ©u{j:z; € TJ'}) =land p({i : T, =T;})=1%
sufimeTic A} =17 eT.
O

The previous proposition means that even if two sequences of sets are distinct, if they have a
number of elements in common in the ultrafilter, their ultraproduct will be the same.

Proposition 31. The x-map in definition 42 is a nonstandard extension.

Proof. Having the previous proposition into account it is a matter of going through the definition
of a nonstandard extension. O

Proposition 32. If A={Y}, where Y C X, then *A = {*Y}.

Proof. As there is only of element Y, the only possible sequence is the constant sequence T': i +— Y
and T'= {[z] € *X : u({xz; € Y}) =1}, and this is *Y. O

Like we did with nonstandard extensions of elements of sets where we identified *z = *{x} for
z € X, we can identify nonstandard extensions of elements of P(X) as *Y = *{Y'}. This is an
embedding of P(X) into *P(X).

Corollary 5. If A ={Y}, where Y C X is finite, then *A =Y.

Proof. By proposition 32 we know that *A = {*Y} and by proposition 10 we know that
*Y =Y, therefore *Y = A. O

Hence, we can identify *Y =Y for Y C finite, similar with how *x = z for x € X.

Definition 43. (Internal Object) We call A an internal object if A € *P(X). In other words,
A is internal if A =T for some T = (T; : i € I) where T; € P(X). We say that A is external if
this is not the case.

Internal objects will be the sets involved in the formulas over (X, P(X)), as they are the nonstan-
dard extensions of subsets in X. This characteristic will make them very useful as we can translate
properties between these objects and objects in X. External objects are not as well behaved, as
they they no preimage in X, so we cannot say too much about them using transfer principle. The
convenient nature of internal sets is reflected in the following proposition.
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Theorem 8. Let p(x,y1,...,yn) be a formula over the 2-set (X, P(X)). Let x range over X and
the variables yy, range over P(X). Let A, Ay, ..., A, be internal subsets of *X. Let B be the subset
of *X defined by *p(z,a1, ..., Gm, A1, ..., Ap):

B={xecA:"p(x,A1,...,An)}.
Then B is internal.

Proof. We know that A and A; are internal, so there exists A, A; C P(X) such that *A = A and
*Ai = Ai. Let C = Ugeq P(C), the the following sentence over P(X) is true:

P(C, Ay, Ay) =V € CVy € A1 Vy, € ATz €Cz={t€x:j(t,y1, ., Ynt)

by transfer theorem ¥ (*C,* Ay, ..., *A,,) is also true, as A € *C and *A; € A;, we get explicitly get
that there exists B ={x € A: *p(z, A1,..., An)} € *C

O
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13 Saturation and Hyperfinite Sets

In this final section, we will explore saturation and Hyperfinite sets in sets that satisfy convenient
properties.

Definition 44. (Countable saturation principle) Let A C P(X) and B = {B,}neny € *A be a
collection of internal sets satisfying the finite intersection property, we say that *X satisfies the
countable saturation property if (), . B, # () for any such B. [12]

Countable-saturation is an important property, as it roughly states that *X will realize formulas
where objects of size at most countable are involved. This is consistent with the way formulas
over sets and the transfer principle were defined and how they worked. We saw *R and how
we could prove, using transfer theorem, properties in N, this is because *R as we built it is
countably-saturated. Furthermore, every proper nonstandard extension built via ultrapowers will
be countably-saturated!

Proposition 33. Let X be a non-empty set and let *X = XN/ ~, be a proper nonstandard
extension, then *X has the countable saturation property.

Proof. Let N ={B,, },en be a collection of internal sets of *X with the finite intersection property.
As each B, is internal, B, = T,, = {[z] € IienTx(2) : p({i : (2) € Tn(3)}) = 1}/ ~,, for some
sequence T, = {7, (%) }ien. We will construct and element 7 that is in (), .y By:

For each ¢ € N find maz{j € N : j < nand T1(i) N ... N T;(i) # 0}, we then choose 7(i) €
Ti(i) N ... N T5(3).

Note that if ¢ > k and T1(¢) N ... N Ty (i) # O, then 7(¢) € T1(2) N ... N T (4).

Fix k € N, by the finite intersection property 7y N ...N T} # 0, so there exists [a] € *X such
that p(A; —{z: a(i) € Tj(i)}) = 1 for all j <k, mfact p{i:Ti(@) N ... NT() #0}) =1, as
AN ﬂAkC{z: 1(3) N..ng (i) # 0} =T NowF—{zeF i<k}u{iel:i>k}and as
{i €' : i < k} is finite we have that u({i € ' : ¢ > k}) = 1. Finally, {ieT':i >k} C {i: 7(3) €

Ty (i) N ... N Ty (4)}, therefore p({i : 7(i) € Ty (i) N...NTx(i)}) = 1 and so [r] € Ty N ... N T}, for any
k, so we are done. O

Corollary 6. *R has the countable saturation property.

Definition 45. (Hyperfinite set) We say a set is hyperfinite if it is an element of *A for a
collection of finite sets A.

Proposition 34. FEvery hyperfinite set H is internal.

Proof. Let X be a non-empty set, let A C P(X) be a collection of finite sets and let H € *A. It is
clear that H is of the form T for some (T = (T;,i € I) where T; € A C P(X), so it is internal. O

Proposition 35. Let X be a non-empty set and let H C *X be hyperfinite, then H € *Fin(X),
where Fin(X) = { finite subsets of X }.

Proof. If H is hyperfinite, then H € *A for a collection of finite subsets of X. So we have that
He*ANn*P(X)=*(ANP(X)) C *Fin(X), as A is a collections of finite sets. O
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So hyperfinite subsets of *X are internal sets which come from the nonstandard extension of the
family of finite sets of X. It is nice that by being internal we will be able to apply transfer theorem
to sentences where they are involved. What makes them even more interesting is that by being
an element of Fin(A), we will be able to pass properties of finite sets to hyperfinite ones and vice
versa. We will see this in action in the following results.

Definition 46. (k-enlarging property) Let F C P(X) satisfying the finite intersection property
and |F| < k, we say that *X satisfies the s-enlarging property if (). *F # 0 for any such F.
[12]

Proposition 36. Let *X have the k-enlarging property, then for each A C X with |A| < k there
exists a hyperfinite set such that H C*A and A C H. [12]

Proof. For each a € A define the set F,, = {B C A: a € B finite } and let F = {F}, : a € A}. Since
the |Fin(X)| = | X|, there exists a bijection « : Fin(X) — X, we define

v F = P(X)

V(Fa) = {1(B): B F}:=Tr,

Consider the set I' = {TI'p, : a € A}, this set has the same size as A, hence less than x and
has the finite intersection property, so we can apply the k-enlarging property and conclude that
Nuca ‘Tr, # 0, call this set . We can take the *v inverse of the elements of o and get the set
{BC*A:*y(B) € a and B € *F, for all a € A} pick an element of this set and call it H.

Claim: H is hypefinite with H C *A and A C H.

H is hyperfinite as H € *F, for all a € A with F, being a collection of finite sets. It is clear that
H C *A and because for each a € A we have that H € F,, we can conclude that A C H. O

In the following propositions we will assume the k-enlarging property always holds, where & is
greater than the cardinality of the sets involved.

Corollary 7. FEvery infinite set can be linearly ordered.

Proof. Let X be an infinite set, by proposition 36 we find a hyperfinite set H C *X and X =
{*z:2 € X} C H. It is known that any finite set can be linearly ordered and we can express this
sentence as a formula over (X, P(X))

Vo € Fin(X)3y € 2*( "x is linearly ordered" ).

By transfer, any set in *Fin(X) can be linearly ordered, therefore by proposition 35 H can be
linearly ordered, and so X inherits this ordering. O

Proposition 37. Every partial order on a set can be extended to a linear order.

Proof. We prove the finite case by induction:
n =2: Let (X = {21}, <) be a partially ordered set, we define <’ by:

If x1 < x5 or way then either 7 <’ x5 or x9 <’ x; respectively. Otherwise let z; <’ x5 and
1 < z1, o <’ x9. This is clearly a linear order.
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Assume every partially ordered set of size d — 1, for some d € N, can be extended to a linear
order.Let (X = {z1,...,z4}, <) be a partially ordered set. As X is finite we can find its minimal
element, say x. Once we have identified this minimal element we can define ¥ = {z; € X : x < x;}
and. We know by our induction hypothesis that (X\{z}, <) can be extended to a linearly ordered
set (X\{z}f <’). We define the relation <” on the set X by:

If z; <' z; then z; <" z; for all z;,z; € X{z}.
If z; € ¥ then z <" ;.

If ;€Y then z <" x;.

It is easy to check that this is a linear order.

Let (X, <) be a partially ordered infinite set, by proposition 36 we can find a hyperfinite H C *X
and X = {*z : 2 € X} C H. Similarly to the previous proposition, we can express the sentence
"every partial order on a finite set can be extended to a linear order" as a formula over (X, P(X)),
apply transfer and conclude that every partial ordering in H can be extended to a linear one that
X will inherit. U

Theorem 9. Let G be a graph, then G is k-colorable if and only if every subset of G is k-colorable.

Proof. Being k-colorable means that we can assign a colour to each vertex such that vertices joint
by an edge have different colours using at most k colours. As usual, after identifying the vertices
of G with natural numbers, we can express k-colorability as a formula

ANCN e N\ =@ireonpntc A CN\ ~(Ciach)).

i€G 1<j<k 1<j#I<k (i,)€E 1<I<k

Where C’g are the constants that represent the coloring of the ith vertex by the jth colour. So we
can also write the sentence "every finite subgraph of G is a k-colorable" as a (G, P(G)) sentence.
We find a hyperfinite G C H C *G by proposition 36, we apply transfer to "every finite subgraph
of G is a k-colorable" and conclude that H is k-colorable, with G inheriting this coloring. The
converse is clear. O
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